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G^ ■ Abstract 

Six-dimensional supergravity theories and their duality properties play a cen- 
Q^' tral role in the context of string duality and string compactifications. Lowering 

1^ ■ dimensions leads usually to an increasing complexity of theories; with this respect 

six dimensions seem to constitute an appropriate compromise between the physi- 
cal four and the presumably more fundamental ten or eleven dimensions. In this 
^ ■ paper we present a superspace formulation of = 1,D = 6 supergravity with one 

tensor-multiplet and an arbitrary number of vector- and hypermultiplets, in which 
the bosonic abelian superforms of the theory, the dilaton, the abelian gauge fields 
and the two-form are replaced by their S-duals i.e. four, three and two-superforms 
respectively, in compatibility with supersymmetry. As usual this replacement in- 
terchanges Bianchi identities with equations of motion. This formulation holds in 
the presence of one tensor multiplet and arbitrary numbers of hypermultiplets and 
abelian super-Maxwell multiplets if all couplings are minimal. We determine the 
consistency conditions for non-minimal couplings in = 1, D = 6 supergrav- 
ity, for which we present a particularly significant solution, namely the one asso- 
ciated with the Chern-Simons-Lorentz three-form which entails the Green-Schwarz 
anomaly cancellation mechanism. In the case of non minimal couplings it is found 
that the gauge fields and the two-form can still be dualized while the dilaton has to 
remain a zero-form. 
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1 Introduction 



Borne as an attempt of quantizing gravity, supergravity theories in diverse dimensions 
play nowadays an important role as low-energy effective field theories of superstring and 
membrane theories. Supergravity theories have been extensively studied in four dimen- 
sions, of course because of their direct physical relevance, and in ten and eleven dimensions 
because of their fundamental features. 

Even if it is known that consistent superstring theories can be formulated in six dimen- 
sions and that six-dimensional supergravity can arise as their low-energy limit, this is not 
the only reason for investigating D = 6 supergravity. In fact, while D = 10 and D = 11 
theories are of direct interest as backgrounds for strings, membranes and M-theory, one 
frequently performs compactifications down to = 6 to clarify relations among these 
theories, which are hidden in their ten or eleven-dimensional formulations. 

Actually, the greatest recent step forward in understanding superstring theories was 
the discovering of duality. All known superstring theories, membrane theories and M- 
theory are related by duality and can be regarded as expansions of a unique theory around 
different vacua. Most of the times these relations are evident only after compactification, 
frequently to six dimensions. 

For example, it has been conjectured [jl| that compactification of the type IIA theory 
on and the heterotic string on gives rise to the same theory on the remaining 
six-dimensional space and in p| it has been shown heuristically that this equivalence can 
be understood as a consequence of M-theory. Another example is M-theory compactified 
on {K^, X Si)/Z,2 (see 0) which gives rise to new couplings in = 1, = 6 supergravity 
which have been studied in 0]. 

Moreover, recently a possible new fundamental theory (F-theory) living in a twelve- 
dimensional space with signature (10,2) has been conjectured in [^]. As shown in 
compactifications of F-theory on Calabi-Yau manifolds should give rise to supergravity 
theories in D = Q with A^ = 1 supersymmetry. Some details of these compactifications 
are available in 0. 

For more details on the relevance of six-dimensional supergravity theories see for 
example the introduction in 0. 

In this paper we are concerned with the Hodge S-duality of p-forms in six- dimensional 
supergravity addressing the problem of the dualizability of these forms in compatibility 
with supersymmetry. While for D = 11 supergravity this analysis has been performed in 
[D, P], for ten dimensions in the authors presented a formulation of A^ = 1,D = 10 
supergravity super-Maxwell theory in superspace in which all the bosonic abelian fields 
can be described as p-superforms or as (D — p — 2)-superforms, the bosonic components of 
the supercurvatures of these fields being related by Hodge-duahty. For the corresponding 
results in IIA and I IB supergravity see ref. [0. The conjecture that emerges from these 
papers is that in every Supergravity theory and in every dimension an abelian form can 
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be described alternatively in either of the two ways in compatibility with supersymmetry. 

The results of the present paper extend the validity of this conjecture also to the 
six-dimensional case. Actually, these features hold true if the couplings are all min- 
imal. Interesting non minimal couplings arise (in two, six and ten dimensions) from a 
Lorentz-Chern-Simons term in the two-form curvature, which realizes the Green-Schwarz 
anomaly cancellation mechanism. A supersymmetric version of this mechanism 0, 
amounts to a supersymmetrization of the Lorentz-Chern-Simons form or equivalently to 
the solution of the superspace Bianchi identity 



for C2 7^ 0. This problem has been solved in ten dimensions through the so called Bonora- 
Pasti-Tonin theorem [^]. In this paper we prove the six-dimensional version of this 
theorem which guarantees essentially the solvability of ( |1.1|) in superspace. This allows 
us to test the duality conjecture also in the presence of the non-minimal couplings arising 
from the trR^ term in ( |1.1|) . The principal result we found is that all the abelian forms 
but the dilaton can still be dualized. 

In this paper we deal with N = 1, D = 6 supergravity with one tensor multiplet, 
an arbitrary number of vector multiplets and hypermultiplets in a superspace formalism 
|T^, [T^, [TB| . In section two we present our superspace conventions and notations. 

Section three is devoted to the solution of the relevant superspace Bianchi identities 
(B.I.). First of all we perform a group theoretical analysis of the superspace constraints. 
This allows us first to classify them and, second, to derive consistency conditions on the 
remaining undetermined auxiliary fields which trigger the couplings between the multi- 
plets: each choice for the auxiliary fields satisfying these consistency conditions gives rise 
to a different theory. 

A more precise analysis of these consistency conditions shows that even with minimal 
couplings we are not dealing with a unique theory but with a family of theories. For these 
theories the couplings depend on a real parameter k which cannot be scaled away. As 
one sends k ^ one obtains the standard minimal couplings between all the multiplets, 
while for k —>■ oo one obtains the coupled tensor + Yang-Mills system in flat space, i.e. 
the supergravity multiplet decouples. This should present the limiting procedure missed 



Having solved the fundamental B.I.'s, in section four we construct superforms dual 
respectively to the dilaton. Maxwell gauge fields, and the two-form B, such that they 
satisfy dual B.I.'s in superspace. These represent the equations of motion for the basic 
abelian forms and allow, in turn, to define dual super-potentials, i.e. four, three and two- 
superforms respectively. The basic B.I.'s can then be interpreted as equations of motion 
for the dual potentials. 

In this way we give a strong support to the conjecture that every abelian p-superform 
in a supergravity theory can indeed be described by a dual (D— p — 2)-superform although 



dH = CitrF^ + C2trR^ 




in 0. 
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a general proof of this conjecture is still missing. 

In section four the analysis was performed for simplicity in the absence of hypermul- 
tiplets, so in section five we extend the above mentioned results to the case where the 
hypermultiplets are present. It remains an open question whether the scalars belonging 
to the hypermatter can themselves be transformed to four-forms (see however |18|). 

Section six is devoted to the supersymmetrization of the Lorentz-Chern-Simons form, 
which presents a non-minimal solution of the above mentioned consistency conditions, 
and to an analysis of the duality properties of the resulting theory. 

Section seven contains some concluding remarks while in the appendix we give more 
details on our notations and a few fundamental gamma matrix identities. 

2 Preliminaries 

Six-dimensional = 1 supergravity allows for four kind of multiplets: 



The superspace in six dimensions is spanned by the supercoordinates = [x'^^d^'^) 
where (m = 0, . . . , 5) are the ordinary space-time coordinates and (/i = 1, . . . 4) are 
symplectic Majorana-Weyl spinors carrying the USp{l) doublet index i = 1,2. In what 
follows letters from the middle of the alphabet represent curved indices while letters from 
the beginning represent flat indices: small Latin letters a = (0, . . . , 5) indicate vectorial 
indices, small Greek letters a = (1,...,4) indicate spinorial indices and capital letters 
denote both of them A = (a, ai). The fields (p^ {I = 1, . . . , 4n/^) constitute the coordinates 
of the quaternionic Kahler manifold U Spirin,!) /U Spiriu) ® Usp{l), where uh is the 
number of hypermultiplets, and the index Y = 1, . . . , 2nH stands for the fundamental 
representation of USpirin)- 

The superspace geometry is described by the vielbeins = dZ^'^ Em^{Z), the 
Lorentz-valued connection Qa^, the Lie-algebra-valued Yang-Mills (YM) connection A, 
which are one- super forms, and the two-superform B. We remember that a superfield ipA^ 

is Lorentz-valued if ipa^ = —ip'^a, '4^oP = ^ {^°'^)a^ ipab and vanishes otherwise. Since our 
spinors are four component Weyl spinors we use a Weyl algebra of 4 x 4 F matrices 



pai...a„ ^-jj fienote completely antisymmetrized product of F matrices, where antisym- 
metrization is understood with unit weight. 



Pure supergravity 
Tensor multiplet 
Yang-Mills 
Hypermultiplet 



{^m5 i'my ^ab} 



(2.1) 
(2.2) 

(2.3) 
(2.4) 



nafsiry^ + (F^)„^(F'^)'5^ = 2 r]'''5l 



(2.5) 
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A p-superform can be decomposed in the vielbein basis as 

ci>p = ^E^'-E^''^A,_AAZ). (2.6) 

It will be useful to call {q,p — q) sector of (pp, denoted by 4>{q,p-q), the component of (pp 
proportional to q vector-like supervielbeins E°- and p — q spinor-like supervielbeins E'^\ 
The torsion and the Lorentz and Yang- Mills curvatures Ra^ and F are defined as 

= DE^ = dE^ + E^'Qb^ = -E^'E^TcB^, (2.7) 

Ra^ = dVlA^ + VLa^^c^ = -E'^E^Rdca^ , (2.8) 

F^dA + AA= ^E^E^FcB, (2.9) 
while the S-field strength if depends on the model. In general one sets 

H = dB + CiLUsYM + C2UJ3L, (2. 10) 

where losym is the YM Chern-Simons 3-super-form which couples Yang-Mills to the su- 
pergravity and tensor multiplet, while CU3L is the Lorentz Chern-Simons form: 

dwsYM = trF^, dusL = trR^. (2.11) 

We define the Hodge duahty relation between tensors as 

(_l)f(fc+i) 

Wa,...a, ^ \Q_i.y_ (2.12) 

which allows to decompose antisymmetric three-tensors in self-dual (-I-) and anti-selfdual 
(— ) parts 

W^t^ = ^{Wal,c±Wa,c), (2.13) 

which fulfill the F-projections: 

(r"'')a/3 W-,, = 0, {rabcT^ = 0. (2.14) 

Other notations we use in what follows are [...), [...],(.. .) on indices denoting graded 
symmetrization, antisymmetrization and symmetrization respectively, with unit weight. 
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3 The Bianchi Identities 

The super-torsion and super-curvatures satisfy the Bianchi identities 



DT^ = E^Rb^, (3.1) 

DRa^ = 0, (3.2) 

DF = 0, (3.3) 

dH = citr{F^) + C2tr{R^). (3.4) 



In this section we set C2 = and consider C2 7^ in section six where we discuss the 
supersymmetrization of the Lorentz-Chern-Simons form. 

The unphysical fields present in the supercurvatures are ehminated by imposing suit- 
able constraints. Once these constraints are imposed the B.I.'s are no longer identities 
and have to be solved consistently. One consistency requirement is the closure of the 
supersymmetry (SUSY) algebra: 

DaDb - i-l)^'' DbDa = -Tab'^Dc - Rab#* - [Fab, )■ (3.5) 



3.1 Constraint analysis 

In the superspace language the dynamics of the physical fields is governed by the con- 
straints one imposes on the supercurvatures. To classify the possible consistent sets of 
constraints for the torsion we adopt a general strategy which is based on group theoretical 
arguments, see e.g. [|, 

Our starting point is the fundamental rigid supersymmetry preserving constraint 

Taipj" = -2eijT°^. (3.6) 

Once this constraint has been fixed the remaining ones fall into two classes: constraints 
which can be obtained by superfield redefinitions (kinematical constraints) and constraints 
which determine the dynamics and the couplings between the fields (dynamical con- 
straints). The basic redefinitions are 



(3.7) 



where Hb°'^ and Xaia are suitable covariant superfields with Xaiab = —Xaiba- 

With these redefinitions we can eliminate from Taia'^ all irreducible representations 
(irrep) of 5*0 (1,5) apart from the 60 which is symmetric in its vectorial indices ab and 
has all its F-traces vanishing. At this point the lowest sector of the torsion B.I.'s 

Taipi^^T^i^k" + Taif^/Tb^k"" + (cychc permutations) = 0, (3.8) 
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implies that also 60 vanishes and that Taipp'^ can at most contain three spinors, so 

Ta^a = 0, (3.9) 

T^^Pj''' = 6^^ujf,,/ + {m^(3j), (3.10) 

where ujf^ijk, symmetric in j and k, describes the three spinorial degrees of freedom left. 

The choice for u corresponds to a dynamical constraint setting it to zero amounts 
to a decoupling of the hypermultiplets, while identifying u with a USp{l) connection and 
promoting the global USp{l) invariance of the SUSY algebra in D = 6 to a local one 
leads to a natural description |jl5[ of the self-interactions between the hypermultiplets on 
a quaternionic manifold. Since we discuss hypermultiplets in section five, here we set 

^ai,jk 0. 

The next step is to solve the B.I.'s with canonical dimension d = 1. These B.I.'s admit 
a unique solution modulo the connection shift 

n'^,'' = nab' + Ya/ (3.11) 

where Ya^hc = Ya[bc\ which allows to set the torsion Tat'^ equal to an arbitrary tensor. 
For a suitable Ya^h'^ one obtains as general solution for the dimension 1 B.I.'s: 

Tabc = T~^^c-> (3-12) 

Taaij — '^^a^^aij "I" ^aca^^ij ^ij'^^ a^'^abc^ (3.13) 
RaiPjab = —4:Tabcal3Vip (3-14) 

where T~^^ is a completely antisymmetric anti-selfdual tensor and the vector Vaij is sym- 
metric in i and j and constitutes an auxiliary field, which will play a central role in what 
follows. 

The peculiarity of the choice (|3.12|) - (|3.14 ) lies in the fact that for pure supergravity 
one has Vaij = (dynamical constraint), i.e. 

Raipja = 0, (3.15) 

in analogy with the standard Yang-Mills constraint Faipj = 0. The relation ( ^.15 ) allows, 
moreover, to apply a general cohomological technique developed in |T9[ for the determi- 
nation of the (curved) supersymmetry anomalies which are inevitably associated to the 
ABBJ-5'0(1, 5) local Lorentz anomalies in supersymmetric six-dimensional theories with 
chiral fermions (or bosons). 

The d = 3/2 B.I.'s imply (and are solved by) the following three relations: 

Raaibc = —'^^aapTj^ci^^[abJ^(^^^'^^c]sfi''Dp]Ty^^ — -e^^Dpiyc^^ (3.16) 



1 

3 

^a(^V^fc) = 0. (3.18 



'^afP^sai — DahVaki ~ -^^^^ as cx^ D p^V^j^ (3-17) 
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The first relation parametrizes Raai,bc in terms of tlie gravitino field-strengtli Tab"^ and 
of the spinorial derivatives of Vaij and the second one is the equation of motion for the 
gravitino. The third relation constitutes a consistency condition on the auxiliary field 
Vaij'. every choice one makes for Vaij, implementing thus a dynamical constraint, has to 
satisfy ( p.l8| ) identically. A part from the trivial choice Vaij = 0, which leads to pure 
supergravity (SUGRA), we will present solutions for (|3.18|) in the present and the next 
sections. 

The solution for the F-B.l. proceeds as follows. The constraints on the lowest compo- 
nents of the Yang-Mills supercurvature F are the usual constraints proposed by Nilsson 
for the free theory 

Fa^(3j=0. (3.19) 

Solving the F-B.l. with these constraints one finds that 

Faai = —2 Taal3 Xi ■, (3.20) 

where x"* is the gluino superfield, together with the supersymmetry transformation rules 
for the gluon field-strength Fah and the gluino 

D^^Fab = AV^^,^pDa]Xl + ^iXbaTc)apVt,X'\ (3-21) 

^aixf = 6^''Aj-e,,h:'^'jFab. (3.22) 

Here Aij, symmetric in is a Lie-algebra valued auxiliary superfield which remains 
undetermined by the B.I. themselves. However, under the closure of the SUSY algebra 
(|3.5|) on i-e. applying one spinorial derivative to (|3.22|) and using on its r.h.s. (|3.21|) , 
one gets the consistency condition 

D,(,A,,) = -4r^^xf.K,fc). (3.23) 

This is the constraint which will determine Aij almost uniquely once a Vaij satisfying 
(|3.18|) has been found. 

The constraints for the iJ-B.I.'s 

dH = citrF^, (3.24) 

are also standard 

Hail3j^k = 0, (3.25) 

HaaiPj = — 2ejjraa/30, (3.26) 

Hablii = —^abp'^^fd (3.27) 

where is the dilaton superfield and Xai = Dai4> is the gravitello. ( |3.24| ) implies also the 
supersymmetry transformations 

D^,\p, = ^T,^pV:^ + 2clT,^px^^''x,+^^AKpDa(|)-^H+p). (3.28) 

DaiHabc — [ab D(.]Xpi ^ab a^Tf,-^^ ^pi 3r [aa^T^^^-^^^pi + 

+ 64>T^aaaTbc]i +8CiT,aaMx'Fbc]), (3.29) 
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where if^^ = )ai3Habc, and the relation 



1 Ci 



(3.30) 



which leads to the identification of as the curvature. 

In all the cases we considered in this paper the closure of the SUSY algebra on \ai is 
automatic once ( p.l8|) and (|3.23| ) are satisfied. 

It is useful to notice that the consistency condition ( p. 18 ) is equivalent to the existence 
of a tensor X^^ such that 



71 V"- 



[3.31] 



3.2 Consistency conditions 

/^From the solution of the B.I.'s we found two auxiliary fields which permit to couple the 
various multiplets. Thus, Vaij and Aij represent the only freedom left (a part from iVaijk)- 
We saw that these fields are restricted by the consistency conditions 



Da(iAjk) 



0, 



/3t/ 
:pX(iVa jk), 



(3.32) 
(3.33) 



for which we will give now the solution which leads to the minimally coupled SUGRA- 
TENSOR-YM theory. We make the Ansatz 



7(0)A,r"A, + 5(0)x.r%-, 

P{<f>)\iXj), 



(3.34) 
(3.35) 



where 7, 6 and f3 are functions of which have to be determined from ( ^.32| )-( p.33| ). 

Inserting ( |3.34| ) and ( p.35| ) in ( p.32[ ) and (|3.33| ) we find that the consistency conditions 
are identically satisfied if and only if 7, 5 and j3 satisfy the following set of coupled 
differential equations (where 7' = 3^ etc.): 



7' - 3207^ = 0, 
5' + 5p = 0, 
ci/3 + 26 + 2(f)6f3 = 0, 
I 167(0/3 + 1) 



(3.36) 



0. 



The general solution of this set of equation is parametrized by a real parameter k and is 
given by 

1 



7(0) 

m 



k + 1602 
4 

V1602 + k 

Cl 



20 + 2 



+ 



(3.37) 

(3.38) 
(3.39) 



16 
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The result (|3.37|) - (|3.39|) with the corresponding relations ( p.34| )-( p735| ) for Vaij and A. 



generalizes the solutions for the B.I.'s ( p.l|) - (p.4|) (with C2 = 0) which one finds in the 
literature 0]. These solutions can be obtained from ( p.37| )- (|3.39| ) in the following limits. 



For — i> one gets 

i-)[(n] = 

1602 

while for k ^ oo one obtains 7 = /? = 5 = 0. The corresponding expressions for the 
auxiliary fields are 



7(0) = -T7rn. /3(0) = T, m = -^, (3.40) 



1. .... Cl 

1602 

A; 00, Aij = 0, V^^ = 0. (3.42) 



Equation (|3.41|) reproduces the standard minimally coupled SUGRA-TENSOR-YM 



system while (|3.42|) gives rise to the decoupled pure SUGRA and to the coupled (rigid) 
TENSOR- YM theory 0. 

At present only the choice ( |3.41D gives rise to equations of motion which can be derived 
from an action . 



The choice ( |3.42 ) leads to equations of motion which describe on one hand a free YM 



theory and on the other hand a tensor multiplet which is coupled, through the Chern- 
Simons term, to the YM multiplet. For this system the authors in were able to derive 
an action which describes, however, not only the propagation of the TENSOR- YM system, 
but also the propagation of a spurious additional tensor multiplet. 

A peculiarity of the tensor multiplet is the presence of a self-dual boson. Manifestly 
covariant actions for self-dual bosons have been constructed only recently ||2^; it does, 
however, not seem that the form of these actions can be generalized to describe the 
TENSOR- YM system, the principal problem being that the YM equations of motion are 
free while the tensor equations of motion are not. 

It is, however, possible to write a manifestly Lorentz-covariant and supersymmetric 
action for the free tensor multiplet and for the free supergravity multiplet 



For a generic k one obtains equations of motion, for a coupled SUGRA-TENSOR-YM 
system, which close among them under SUSY (just like for the TENSOR- YM system), 
but at present it is not clear to us if this system admits an action. This point deserves 
further investigation. Notice, however, that the limiting cases ( |3.4lD and ( ^.42] ) are the 
unique cases which preserve scale-invariance. 

Notice also that in this section we showed that the TENSOR- YM system can be 
obtained as a limiting case {k 0), from a coupled SUGRA-TENSOR-YM system, in 
which SUGRA decouples. This presents, in particular, the limiting procedure missed in 

Once one has an explicit solution for the consistency conditions, it remains to derive 
the equations of motion for the physical fields. Since for our purposes we do not need them 
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we will not give them here explicitly. While Einstein's equation and the equations for the 
fermions have to be derived always using standard superspace techniques the equations 
of motion for the abelian forms will be a byproduct of our duality technique, which we 
illustrate in the next section. 

4 Duality 

In supergravity theories, all the bosonic fields, apart from the metric, are described 
through forms. We described the dilaton cf) with a 0-form, the gluon A with the gauge 
connection 1-form and the graviphoton B with a two-form, the curvatures associated to 
these potentials being F = dA + AA, H = dB + Ciui^ym and, implicitly, we used also the 
one-form curvature for the dilaton V = dcf). 

The number of bosonic physical degrees of freedom described by a p-form potential in 
D dimensions is given by 



which is manifestly invariant under p — > {D — p — 2). Therefore, as it is well known, at the 
kinematical level a p-form potential, with a (p + l)-form as curvature, carries the same 
degrees of freedom as a. {D — p — 2)-form potential with a {D — p — l)-form as curvature, 
the two curvatures being related by Hodge duality. 

The problem we address here is if this duality is compatible (and to which extent) 
with super symmetry. In the superspace language the solution of this problem (see |T0[| ) 
amounts to determine supercurvatures F4, and V5, associated respectively to F2, i^s 
and Vi, in such a way that their bosonic components are Hodge-dual to the bosonic 
components of F2, and Vi respectively, and that F4, and V5 satisfy B.I.'s whose 
bosonic components are the equations of motion for the bosonic potentials Ai, B2 and 
00 we started with. Moreover, and most importantly, these new B.I.'s have to be "true" 
B.I.'s in superspace in the sense that they must allow to introduce new superpotentials 
As, B2 and 04 which, in turn, can be interpreted as superspace duals of Ai, B2 and 0o- 
The original B.I.'s for Ai, B2 and 0o can then be read as equations of motion for A3, B2 
and 04. 

In this section we will implement this program for the minimal SUGRA-TENSOR- 
SUPER MAXWELL-system (abelian gauge fields) and we will present its generalizations 
in the next section. The restriction to abelian gauge fields is necessary because in that 
case the gluons are decoupled from the gluinos, while in the non-abelian case the gluino 
current, appearing at the r.h.s. of the YM-equation of motion is "non-topological", in 
the sense that off-shell it can not be expressed as the differential of any local form. This 
prevents one from introducing dual non-abelian potentials ^3, see below. Therefore we 
restrict ourself to the gauge group G = [U{1)]^ and F = (Fi, . . . , Fjy), where Fj = dAi. 




(4.1) 
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We recall that the standard B.I.'s are 



dF = (4.2) 
dH = citrF^ (4.3) 
dV = 0. (4.4) 

Our Ansatz for the B.I.'s of the dual superforms F,H and V is the following (see also 
rO[] for the ten dimensional case) 



dF = FH (4.5) 
dH = (4.6) 
dV = citr{FF) + HH. (4.7) 



Notice first of all that this Ansatz is self-consistent in that, thanks to ( [4.2|) -( ^^) the right 
hand sides of ( [4.5|) -( ^l7D are closed forms. Moreover, it is easy to see that the r.h.s. are also 
exact: it is this non trivial fact which will allow us, according to our above requirement, 
to introduce dual super potentials in section 4.1. 

We will now give a constructive proof of ([4.5|) - ([4.7|) specifying the components of H, 
F and V which satisfy them identically. We define: 

Hai/3j"/k = 0, (4.8) 
2 

Haaipj = -^^ij(Xa)al3, (4.9) 

Habai = — ■^(rafe)a^A/3i, (4-10) 

Habc = ^^eafc.,e/(i^'^^-^A,r^'^^A^ + Citr(xT'^^^Xi)j, (4.11) 

for H, 

F(p,4-p) = p<2, (4.12) 
2 

Fabcai = — — (Xabc)a/3Xiy (4-13) 

Fsabc = ^^^-bcefU'^ + ^x'^'^h), (4.14) 



for F and 



%,5-p) = p<3, (4.15) 
2 

^abcdai ai...a4 ^niy (4.16) 

Va,...a, = ~ea,...a, (^D^'<P ' ^^.^^A^^ + 2citr(x.r«x')) , (4.17) 
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for V. The proof that, with these definitions, the B.I's ( |4.5|) -(4.7) are indeed satisfied 
goes as follows. First one proves ( [4.6|) . Defining the four-superform K4 = dH it is easy 



to show that K, 



(0,4) 



(3,2) 



0. At this point one uses the following 



Lemma. If a p-superform Kp, with 3 < p < 6, satisfies 



1. rfK„ = 0, 



2. 



(0,P) 



-^(p-2,2) 



then Kp = identically, (see [KI, lU] ). 



Since dK4^ = the lemma implies now that = and ( ^.6| ) holds. If we define 
now the five- super form = dF — FH, thanks to ([4. 61) and ([4.2|) we have dKr, = and 



(3,2) 



0. The lemma implies then 



it is straightforward to show that -^'(0,5) = . . • 
that = and also (^) holds. Finally (g^), (g^), and ensure now that 

Kq = dV — citr{FF) — HH satisfies dK^ = and a direct calculation gives -R'(o,6) = . . . = 
-^(4,2) = 0. The lemma implies then also ( [4.71 ). 

What we proved is essentially that ([4.2[)-(^y^ imply (^75|)-(|47|). But, since the purely 
bosonic components of the dual supercurvatures are defined essentially as the Hodge- 
duals of the basic bosonic curvatures (see equations ( |4.11D , ( [4. 141 ) and ( [4.17D ), the purely 
bosonic components of ( [4.5D -( ^^ correspond to the equations of motion for Ai, B2 and 
00 respectively. This is clearly no surprise since we know that the B.I.'s ( [4.2[ )-( ^^ , under 
a suitable choice of constraints, set the theory on-shell. Therefore, our procedure for 
dualizing the abelian connections can also be regarded as an alternative way for deriving 
their equations of motion. 



4.1 The dual superconnections 

The identities ( [4.5|) -( ^^ allow now the introduction of dual potentials B2, A3, 04 accord- 
ing to 



H = dB, 

F = dA + BF, 

V = d(f) + HB + ciFA. 



(4.18) 
(4.19) 
(4.20) 



The possibility of describing the three-form H in terms of a B2 potential or a dual B2 



potential in compatibility with supersymmetry is of course known from a long time[17 



The existence of dual A3 potentials for Maxwell fields has been conjectured by Schwarz 



and Sen [0] in ten dimensions (in which case they become 7-superforms) in relation with 
the existence of a manifestly SL{2,M.)s invariant form for the heterotic string effective 
action compactified down to four dimensions. These seven-superform gauge fields have 
actually been constructed in ten-dimensional superspace |jlO[ so that the existence of their 
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six dimensional counterpart (three-superforms) in (|4.19| ) constitutes actually no surprise: 



they could also have been obtained by compactifying N = 1, D = 10 SUGRA-MAXWELL 
toroidally down to six dimensions and then truncating the resulting N = 2, D = 6 theory 
to an = 1 supersymmetric SUGRA-MAXWELL-TENSOR theory. The construction 
we gave here, however, is direct and independent of the details of any compactification 
scheme. 

The significance of the supersymmetric dualization of the dilaton is, on the other hand, 
less clear. To our present knowledge the dual potential 04 appearing in (|4.20|) did not 



have any direct application but it may be, for instance, that in some supersymmetric 
three-brane a-model it can be coupled "naturally" to the brane through its pull-back on 
the four-dimensional brane world-volume. 

There are, however, important differences between the features of B2 on one hand, and 
the features of A3 and 05 on the other. If one uses B2 to describe the graviphoton and 
Ai and 0o to describe respectively the Maxwell fields and the dilaton (the standard dual 
N = 1, D = 6 SUGRA then in all the equations of motion the potentials appear 
only through their curvatures H^, F2 and Vi, and the theory can be described in terms of 
an action involving B2, Ai and 0o- 

If, on the other hand, one tries to describe the theory in terms of B2, A^ and 0o, 
then one is faced with the problem of eliminating from all the equations of motion Ai in 
favour of ^3; in particular in ( [4. 191) the curvature F, which has now to be viewed as the 



dual of F, appears on the r.h.s. so that this equation determines F in terms of A3 only 
implicitly and it is not possible to write an action, at least in closed form, in which Ai 
has been replaced by A3. The situation is even worse when one tries to use 04 instead 
of 00 using ( [4.20|) : in this case the dilaton 0o appears at the r.h.s. of ( [4.20|) explicitly, 
i.e. not through its curvature V = dcpo, and it is not possible, not even implicitly, to 
eliminate 0o completely from the game in favour of 04. Nevertheless, at the level of 
equations of motion, ( [4.18D -( ^?^ ) are perfectly consistent with (|4.5|)-(]1?^). For example. 



gauge invariance for B in ( [4.19|) , B B + dC, is saved, upon using dF = 0, by imposing 
A-^A~CF. 

5 Introducing the Hypermultiplets 

Supersymmetry in six- dimensions allows the existence of matter fields, i.e. of hypermulti- 
plets. In this section we generalize our results concerning duality to the presence of these 
fields for the "ungauged" case, i.e. when they are charge-less with respect to the abelian 
Maxwell fields. 



As shown in ||15| , P5| and self-interacting hypermultiplets inaA^ = 1,D = 6 
theory live on a quaternionic Kahler manifold. For simplicity we will use the particular 
coset manifold USp{nH,l)/USp{nH) ® USp{l) where uh is the number of hypermul- 
tiplets I13. In what follows the indices I, J = 1, . . . ,4nj7 are used for the hyper- 
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scalars which parametrize the quaternionic manifold, i,j = 1,2 are USp{l) indices and 
X,Y,Z = l,...,2nH label the fundamental representation of USp^nn)- gij{(p) indi- 
cates the quaternionic manifold metric tensor, un^^ip) and ujx^i'^) are the USp{l) and 
USpiriu) connections and elz are the coset vielbeins. For completeness we remember also 
the relations obeyed by the vielbeins: 



iZ 



9iJ e^x = e^z, (5.1) 
^''' + eize'^' = g^'S^, (5.2) 
e''' + e^y e''' = — g^'Sy^ (5.3) 

where eij and exy are the invariant tensors of USp{l) and USpinu) respectively. 

As we saw in section three the only freedom left in the solution of the torsion B.I.'s were 
the three spinors uJai,jk in Taipp^ . A natural choice for the introduction of hypermultiplets 



1^ amounts to the identification of uJai,jk with the USp{l) connection. This connection, 
which realizes local USp{l) covariance, is a function of the hypermultiplet superscalars 

uJij{ip) = dip^uiij{ip), (5.4) 
its pull-back on the cotangent bundle basis of superspace being given by 

UJij = E^Da^P^ujuj = E'^''uJak,ij + E^Uaij. (5.5) 

The new torsion constraint would now read 

^/3j7fc" = ^'^^ik/ + {f3j ^ ik) (5.6) 

and one should solve the torsion B.I.'s with this new dynamical constraint [ |17|] . 

It is, however, more convenient to proceed in a slightly different, but equivalent, way. 
Instead of imposing the new constraint (|5.6|) on the torsion, which would then turn out 
to transform under USp{l) as a connection and not as vector, we define a new torsion 
which is USp{l) covariant and satisfies, moreover, the old constraint, Taipp^ = 0: 

= dE^ + E^Qb", (5.7) 
j.ai ^ VE"' = dE""' + E^'Q/s'' + E^'^uj/. (5.8) 

It is also convenient to define a USp{l) and USp{nH) covariant derivative Va through 

Va = DA + DAif' uji#* (5.9) 

where uJi equals uJii' or uJix^ or both of them according to the tensor on which it acts. 

With respect to the standard procedure our procedure has the advantage of being 
manifestly USp{l) and USp{nH) covariant in that the connections appear in the B.I.'s 
and their solutions only through the covariant derivatives. 
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Closure of the SUSY algebra on the hypermultiplets entails 

D^i/ = ef^^f, (5.10) 
P^iT^f = 2ef,C^D,/, (5.11) 

where the hyperfermions ip^ are the supersymmetric partners of ip^ . This implies in 
particular that Uaij'' = Dai^^oJij^ = efzi'a^ij''- 

Once all derivatives have been covariantized, the introduction of the hypermultiplets 
in our formalism leads essentially only to a change of the torsion B.I.'s themselves. The 
definitions ( ^.7|) , ( ^.8|) give, in fact, rise to the new B.I.'s 

DT" = E^Rb", (5.12) 
_ E'^'Rf^'' + E^^^n/, (5.13) 

where 71/ = du/ \ uj^^uj^ = 1/2 dip^ dip'^ 71 jj is the USp{l) curvature. As is well 
known SUSY requires the quaternionic manifold to be maximally symmetric, that is, in 
our conventions 

TZijij = 2{eiizejj^ - ejizeij^). (5.14) 
The new torsion B.I.'s can now again be consistently solved with the basic constraints 

'^ailSj = ~'^^ij^al3y (5.15) 
T„,/3/'= =Taat'. (5.16) 

The differences with respect to the case without hypermultiplets arise now primarily from 
the new term on the r.h.s. of ( |5.13| ), i.e. E°'^7Z/; all new terms are however manifestly 
covariant. 

Taking ( p.ll| ) and ( p.l4| ) into account one finds for the torsion and S0{1, 5)-curvature: 



Tabc = T^bc-^^tbc^ (5-17) 

Taafj = "^Sa^Vaij + Taca^Vj^j — -eijT (^abc " ^^abc^ ^ (5.18) 

RaiPjab = —'^^ abcapVij- (5.19) 

where the self-dual tensor t/^^j,^ is defined by 

= i^YTabci^"^. (5.20) 
For the YM- and tensor-multiplets the relevant new SUSY transformations are now 

V^tX^ = SjA^-ei^h'-'jEab, (5.21) 

v^iF^b = 4r[b„,p,]xf + 4(r,„r,)„,i^,5x''' + ^r'='^[,,,^+^,xf, (5.22) 

V^Ap, = ^V^^pV^^ + c,V,^pXtT\, + e,,r«^Z},0 - le,,r^^^ [Htb, + ^V^.l)(5.23) 
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while in particular the relation between H^f^^ and T^j,^ is unchanged. The consistency 
conditions remain formally the same 

V^^.V;,) = 0, (5.24) 

= -4r»^xf.V;,,), (5.25) 



with the simple change Dai T^ai with respect to equations ( p. 321) and (|3.33| ), and they 
are again solved by equations ( p.41| ). 



Now it is easy to solve the B.I.'s for the dual superforms if, F and V . Indeed, these 
dual supercurvatures are again given by (^^ )- (|4.17|) with the unique difference that now 

Habc = ^l^eatcdef (^H'^^ " ^^^r'^^^A^ - + Citr (xT-^^^xO) • (5.26) 

6 Non minimal models: the Lorentz Chern-Simons 
form 

The dimensions D = 2,6, 10 are special in many respects. They allow for example, in 
a space-time with Minkowskian signature, the existence of chiral bosons with self-dual 
curvatures, respectively one-, three- and five-forms. 

They are also the unique dimensions below eleven which are potentially plagued by 
Lorentz anomalies. In all physically significant theories, however, the total anomaly poly- 
nomial factorizes and the anomaly can be cancelled via the Green-Schwarz mechanism 
[ p^ . The essential ingredients are in each case a modified B.I. for a generalized three-form 
curvature, in ordinary bosonic space, 

dH = citrF^ + C2trR^, (6.1) 

(a classical effect) and the subtraction from the effective action of a local counterterm, 
proportional to B2 (a quantum effect). Both ingredients, however, do not directly respect 
supersymmetry. Since ( |6.1| ) is a local and classical relation its supersymmetrization can 
be achieved by solving the corresponding B.I. in superspace. The analogous problem in 



N = 1, D = 10 supergravity has been solved in [|1^, with the aid of the Bonora-Pasti- 
Tonin [BPT] theorem. The aim of the present section is to "extend" this theorem to 
six-dimensional supergravity and to solve ( |6Tl| ) for C2 7^ in superspace. At the level 
of the action the Lorentz-Chern-Simons form gives rise to non-minimal couplings of the 
form {RahcdYi together with their supersymmetric completion. 

Having solved ( |6.1| ), in the next section we will discuss the existence of the dual 
superpotentials B, A and (f) in the resulting non- minimal N = 1, D = 6 supergravity. 

For the sake of simplicity we turn back to the hypermultiplet free model considered in 
section three. For convenience we repeat here the general parametrizations of the torsion 
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and curvatures we obtained: 



Tai/sj"" — 2ejjr^^, (6.2 

Taia — = Tfy^ipj^ , (6.3 

Tabc = T'f^c^ (6.4 

rp fi _ QX/^T/.ir Pv'^ — f-^V^'^ I^T~ ('6^ 

■^aaij '-"-'a ^ aij ~ ^ aca ' ij '^ij a ^ ahci yj^^J 



RaiPjab — —4:Tabcal3Vij, (6.6 
Raaibc = —'^^aapT^ci + ^[abJ^ ^'^^^^^ c]sf3'' D p^V^^ — Kjfci^ , (6.7 

D„,T-,, = 6(r[J,^Tf . - 2r[,,/ f |e^^T,],/D,,l^,^, - ^e''^ D p^V,^,^ , (6.8 



bc]i [aba -l cJs/:( ^ph^ki g 

-DmV'j^fc = ei(jXk)a- (6.9 

We included here in the last equation also the consistency condition for the unknown 
auxiliary field V^; at the end we will obtain an (implicit) expression for this field in terms 
of the physical fields, see ( |6.63| ) below, and one has to check if it satisfies (|6^ ). 



BPT Theorem. The parametrizations (6.2)-( p^ allow for the decomposition 

trR^ = dX + K, (6.10) 
where X and K are gauge invariant three and four-superforms respectively and 

7^(0,4) = = 7^(1,3). (6.11) 

A simple consequence of dtrB? = is that dK = 0. Before proving the theorem we 
remark that if we define 

H = H-C2X (6.12) 

the H-B.l. becomes 

dH = citrF'^ + C2K. (6.13) 
This identity can now be solved imposing on H the "old" constraints 

HaiPj-yk = 0, (6.14) 
Haai/3j = —'24>^ij(Xa)a/3, (6.15) 
Haiab = — Tafea^A/jj (6.16) 

since the four-form K has the same structure as trF"^: d trF"^ = 0, (trF^)(o,4) = 
(trF2)(i,3) = 0. 



For the proof of the theorem we adopt the techniques used in |12|. We write the 



superspace differential d (when it acts on Lorentz invariant forms) as a sum of operators 

d = d + D + T + T (6.17) 
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^(-1,2)-^" = 




-'(-l,2)-£^ 


= 0, 




T(2,_i)^" = 0, 


^(2,-1)^"' 


J7'^j7''^'~r '^^ 

~ 2 


rp rpa 

J(l,0)-£^ 


^ Z?CT-i a 
= -tj 1^ Icb , 


J (1,0)-^ = 






T(o,i)E"' = 0, 


J (0,1)-^ = 


= 0. 



each of which sends a {p, g)-superform to a {p', g')-superform. Defining their degree as the 
difference (p' — p, q' — q), the operators d, D, T, t have respectively degree (1, 0), (0, 1), 
(-1,2) and (2,1). 

In more detail: d = E°'Da + ^'(i^o)! D = E^^^D^i + 7^(0, i), T = T(„i 2), r = T(^2~i)] where 
Da and Dd are the ordinary covariant derivatives acting only on the components, while 
T(r s) acts only on the vielbeins as follows: 

(6.18) 
(6.19) 

(6.20) 
(6.21) 

Due to d"^ = these operators satisfy the following anticommutation rules: 

T2 = 
DT + TD = 
d'^ + dT + Td = 
dD + Dd + Tr + TT = (6.22) 
d^ + Dr + TD = 

dT + Td = 

= 0. (6.23) 

A crucial ingredient of the proof is in particular the operator T which, as direct conse- 
quence of the cyclic identity, is a coboundary operator 

= 0. (6.24) 

If we call 5'(p_g) the space of (p, g)-superforms, then T maps S(^p^g) to 5'(p_i^g+2). 
Setting Q = trR"^, our starting point is the identity 

dQ = 0. (6.25) 

Projecting it on the sectors (p, 5 — p), we obtain 

TQ(o,4) = 0, (6.26) 
rg(i,3)+:DQ(o,4) = 0, (6.27) 
TQ(2,2) + ^Q(i,3) + dQ^oA) = 0. (6.28) 

The identity ( |6.26| ) states that Q(o,4) is a T-cocycle; the first step is to verify that it is a 
trivial one. This means that there exists a -^(1,2) G 5'(i_2) such that 

Q(o,4) = TX(i,2). (6.29) 
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The explicit expression for (5{o,4) can be obtained from the expression of RaipjJ' 

Q(0,4) = ^E''E^''E^^E''\{Vai,c)ap{T'^%6V,'^s ki) (6.30) 

and one easily finds that indeed 

Q(o,4) = TX(i,2) (6.31) 

with 

^(1,2) = \e^E^'t'^,eIv^,,V;,K (6.32) 

Clearly X(i^2) is defined only modulo a non-trivial T-cocycle ^(1,2) £ ^{1,2) so that we can 
set more in general 

^(1,2) = X(i,2) + >^(i,2), TF(i,2) = 0. (6.33) 

We neglect here trivial T-cocycles G 5'(i,2) since they express simply the fact that X is 
defined modulo trivial cocycles of d itself which amount to a redefinition of B. The general 
non-trivial cocycles of T in 2) are of the form 

YaaiPi = (^abc)af3Yi^f, Yij" = ^(ij^)', (6.34) 

if we disregard terms of the form 

(^ij'^aaP'P (6.35) 

which amount to a redefinition of 0. On dimensional grounds there are only three terms 
which can contribute to Yjf: 

Y^l = D[,V;],, (6.36) 
Y,% = V[,,%,, (6.37) 
Y^l = T-,^Vi;. (6.38) 

Inserting now ( |6.29| ) in (|6.27|) , we obtain 

T(Q(i,3)-M(i,2)) = 0, (6.39) 

which means that (Q(i,3) — -DX(i 2)) G >S'(i^3) is a T-cocycle. It can be seen that for a generic 
Y{i^2) it is a non-trivial one. An explicit computation reveals, in fact, that it becomes a 
trivial cocycle if and only if one chooses 

= Y^^ + + (1 - a)Y^'-, (6.40) 

where a is an arbitrary constant. 

We will comment on the correct choice for the parameter a below. Here we would 
only like to remark the following. If a 7^ then ^(1,2) would contain a term linear in the 
bosonic derivative of the still undetermined auxiliary field V^. The H-B.l. would then 
give rise to an equation for this field, see (|6.63|) below, of the kind 



vr, = cavr^ + ..., (6.41) 
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where c is a constant, proportional to a, and the remaining terms are quadratic and 
of higher order in V^'j. This equation, which is the generahzation of (|3.41| ) to C2 7^ 0, 
would now propagate unphysical spurious degrees of freedom due to the appearance of 
the D'Alambertian. It can be seen that these degrees of freedom are actually unitary- 
violating poltergeists. The presence of such poltergeists in supergravity theories with 
Lorentz-Chern-Simons terms is indeed known from a long time. Their supersymmetric 
structure, their meaning and their possible elimination, has been discussed in detail in 
|T^ , to which we refer the reader for more details. 

With the choice ( |6.40|) , (5(i,3) — -DX(i 2) becomes a trivial T-cocycle and the equation 

Q(i,3) =TX(2,i) + M(i,2) (6.42) 

determines the three-form X(^2,i) uniquely since in the sector (2, 1) there are no T- cocycles 
at all: 

rX(2,i) = ^ X(2,i) = 0. (6.43) 

The explicit expression for X(^2,i) will not be needed in what follows however. 

Inserting now (|6.29|) and ( |6.42|) in ( |6.28 ) and using the anticommutation properties of 
T, D, d (lO^) one gets 

T(Q(2,2) - M(2,i) - 5X(i,2)) = TW^2,2) = 0. (6.44) 
The non-trivial T-cocycles in the (2, 2) sector have the general structure 

7^(2,2) = E'=^E'E"'E^^i-{Ta)ay{rb)psL]^), (6.45) 



where L]^ = L^(ljj, and therefore 

1^(2,2) =rX(3,0)+i^{2,2). (6.46) 

Again, the forms X(3_o) and ^^(2,2), i-e. L]j , are uniquely determined by the above 
formulae, but their explicit expressions would turn out to be rather complicated and we 
do not need them here. In conclusion, we got the last decomposition needed to prove the 
six-dimensional version of the BPT theorem: 

g(2,2) = TX(3,0) + M(2,l) + 3X(i,2) + i^(2,2) • (6.47) 

Indeed, formulae ( |6.29| ),( [6l4^ ) and ( p. 47] ) combine now exactly to give ( |6.10| ) if one defines 

X = X(i^2) + -^(2,1) + -^(3,0)- (6.48) 

/^From these formulae one sees also that -ft'(o,4) = -^(1,3) = and that -^'(2,2) is given 
in (|6.45 ). Notice that at this point the knowledge of ^^(2,2) and the identity dK = 
determine the four-superform K uniquely (use again the lemma). Notice also that -^'(2,2), 
given in ( |6.45| ), has indeed the same structure as (tr F"^) (^2,2)- 

Q.E.D. 
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6.1 Consistency conditions 



We did not really end our proof of the compatibility between the Lorentz-Chern-Simons 
form and supersymmetry. We still have to show that the H-B.l. can be solved consistently 
and that the consistency conditions ( p.32| )-( p733D are satisfied. To this end, as anticipated, 
we define H = H — C2X, whose B.I. reads dH = citrF^ + C2K, i.e. 



(c//f)(o,4) 
(^^)(1,3) 
{dH){2,2) 

(di7)(4,o) 








Ci(trF^)(2,2) + C2i^(2,2) 

Ci(trF2)(3,i) + C2i^(3,i) 



Ci{trF^ 



1(4,0) 



C2-^(4,0) 



(6.49) 
(6.50) 
(6.51) 
(6.52) 
(6.53) 



and, due to the lemma, it is sufficient to solve ( |6.49|) -( |63TD . On H we impose the con- 
straints 



H. 



HaaiPj 
Habai 



0, 

— 2(j)eij{Ta)a/3, 

— (rafe)a'^A/3i, 



(6.54) 
(6.55) 
(6.56) 



which solve already (|6.49| )- (|6.5CI|) . Equation (|6.51|) implies (and is solved) by the relations: 



DaiXpj = HT,^pV,]-2{ciXapij + C2L^prj) + eij{VlpDa(t)-—H+p). (6.57) 



ahc 



(6.58) 



where 



Xa/3ij 
Laf3 ij 



-Kfs'triXi'^aXj), 



We remain finally only with the consistency conditions: 



0. 



(6.59) 
(6.60) 



(6.61) 
(6.62) 



Maintaining for Aij the definition in ( |3.41 ), the first condition tells us that V°i has to 
satisfy the equation 



1 1 

rAiF^Ai — — — r""^(ciXa/3ij + C2Lapij). 



164.r--' 16^- (6-63) 

Let us stress that even if the super YM-fields are absent {F = 0), in which case the con- 
sistency condition ( |6.61| ) becomes trivial, this equation is implied anyway by the closure 
of the SUSY algebra on A^j. 
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This equation determines V^^ only implicitly in that L]j is a complicated expression 
which involves itself in a non polynomial way (a part from the linear term discussed 
in (HID). 



The second condition instead implies a new constraint on the L supersymmetry trans- 
formation 0: 

D':Lf^ = It^fi- (6-64) 
The identity dK = ensures that D'^V^^ is antisymmetric in a/37 

D^I^^^ = D^I^ (6.65) 

which is the right structure required by (|6.64|) , but we did not perform the long calculations 
needed to prove that d\^^L^^^-^ equals exactly |A|^L^^-j. 

These calculations would first of all require the explicit expression for X(2,i) which 
can be obtained from ( |6.42|) ; this could then be inserted in ( |6.47| ) to compute the explicit 



formula for V^^ . The algebraic manipulation involved are straightforward, from a tech- 
nical point of view, but very lengthy. So this is the missing point in our proof of the 
compatibility of the Lorentz-Chern-Simons form with SUSY. 

Let us notice however that to satisfy (|6.65| ) we have still the freedom to choose the 



parameter a in (|6.4CI| ) arbitrarily. Indeed, since the poltergeists are present also in = 1, 



D = 10 SUGRA with a Lorentz-Chern-Simons term, and the present theory could be 
obtained from the ten-dimensional one upon compactification and truncation from N = 2 
to N = 1 SUSY, we expect a non- vanishing a. 

Even if ( |6.64|) can not be satisfied for any a, our procedure leaves another possi- 



bility open. In fact, as has been noted for the ten-dimensional case [|T2l, the decom- 
position trR"^ = dX + is not unique. Suppose, in fact, that there exist non-exact 
three-superforms Z satisfying 

(dZ)(o,4) = = (rfZ)(i,3). (6.66) 

Then one can write 

trR^ = dX + k, (6.67) 

where now X = X + Z and K = K ~ dZ, and K shares the same good properties with 
i.e. satisfies 

i^(o,4)= =i^(i,3) (6.68) 
dk = 0. (6.69) 

It could then be that only for a suitable choice of Z one may satisfy ( |6.64| ). The prob- 
lematic feature of such a solution lies in the fact that the three superform Z has to be 



^This constraint is identically satisfied by XajSij 
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constructed using explicitly the fields of the tensor multiplet, whose SUSY transforma- 
tions are not known from the beginning. In fact, the combinations which involve only 
the fields appearing in the parametrizations ( |6.2|) -( |OD have - for dimensional reasons - 
already been exhausted by our "minimal" decomposition of trR^. Therefore, if a solution 
can be achieved only for a non vanishing Z it can presumably not be obtained in a closed 
form. 



6.2 Duality in the presence of a Lorentz-Chern- Simons form 



We suppose in this section that ( |6.64|) holds indeed and analyze again the possibility 



of dualizing the connections 0, A and B in the non-minimal model constructed in the 
preceding section. 

The answer is very simple and positive for what concerns H and the (abelian) F. The 
B.I.'s ( [4. 51 ) and ( [4. 6] ) are again satisfied if one defines F exactly as in ( ^.12| )-( P:.14D while 
for H one can again use ( [4.8D -( ^?TTD with the only difference that now 



Habc = ^l^eatcdef [h''^ ' ^^.F^^^A^ + cMx^T'^^ X^yj • (6.70) 

On the other hand the dilaton has now to be described as a zero-form, i.e. as a scalar, 
since the B.I. for V can be no longer ( |4.71) in that the r.h.s. of ([4.7|) is not closed anymore. 
This is due to the modified B.I. for H, dH = citrF"^ + C2trE?, and to the fact that the 
Lorentz curvature Rj' cannot be dualized for its intrinsic non-abelian nature. 



7 Some concluding remarks 

The variety of couplings in supergravity theories becomes more and more restricted as 
the dimensionality increases. Eleven-dimensional supergravity allows only for the pure 
SUGRA multiplet and only the minimally coupled theory has been explicitly constructed 
In ten dimensions there is, in addition to the SUGRA multiplet, the YM multiplet 
(in the case of iV = 1 SUSY) and in this case, in addition to the minimally coupled theory, 
there exists also an exact solution for anomaly free = 1, D = 10 SUGRA-SYM, i.e. in 
the presence of a Lorentz-Chern-Simons form |T^. 

For these dimensions the supersymmetric dualization of the abelian connections has 
been carried out in |]^, |TT], |TB[ . The results of those papers indicated that the existence 



of the supersymmetric duals of the abelian connections constitutes actually a general 
feature of all supergravity theories, independently of their dimensionality, even if a general 
proof of this statement is still missing. The absence of such a general theorem is probably 
related to the fact that Hodge-duality can not be canonically lifted to superspace. 

In the present paper we extended this analysis to the six-dimensional case. The essen- 
tially new features of six-dimensional supergravity theories, w.r.t. 10 and 11 dimensions, 
are constituted by the appearance of matter (hyper- and tensor)-multiplets which enlarge 
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significantly the possible couplings between pure supergravity and the other multiplets. 
Our general analysis revealed, however, that these couplings are restricted by certain 
consistency conditions, which are clearly satisfied for minimal couplings, and also in the 
anomaly free non-minimal theory modulo eq. (|6.64|) which needs still to be checked. 



For what concerns duality we were able to confirm the expectation which emerged from 
ten and eleven dimensions: the B2 form and the abelian Maxwell fields can be dualized 
in both cases, while the dilaton can be dualized only in the minimally coupled theory. 
The possible relevance of the dual Maxwell fields has already been noticed ll^, while 
possible applications of the dualized dilaton are still outstanding. 

Possible generalizations of these results could be gained in the following directions. 
Recently rather general couplings of an arbitrary number rij- of tensor-multiplets have 
been worked out in [Q. Since in this case one B2 curvature (essentially the one belonging 
to the SUGRA-multiplet) is anti-selfdual, while the remaining ut ones are self-dual, the 
B2 curvatures can no longer be dualized while it should still be possible to dualize the 
'dilatons' and the abelian Maxwell fields. 

Another interesting point concerns the dualizability of the hyperscalars. In a globally 
supersymmetric (and free) theory they can actually be described as four-form potentials, 
as has been shown long time ago in |jT8|, while it seems unlikely that they can be dualized 
in supergravity due to the quaternionic structure of the underlying manifold. 

Acknowledgments Work of K.L. was supported by the European Commission TMR 
Programme ERBFMRX-CT96-0045 to which K.L. is associated. 

Appendix: Notations and Conventions 

We write our symplectic Majorana-Weyl spinors as ipai (left-handed) and (right- 
handed) where i = 1, 2 is an USp{l) index which can be raised and lowered with the 
invariant antisymmetric tensor e^j 

i^i = eijij\ il^' = e^%, (A.l) 

while a is a chiral 5*0(1, 5) spinor index which cannot be raised or lowered. The symplectic 
Majorana-Weyl condition reads 

where the matrix O satisfies 

= -O, O* = 0, 0^ = -I. (A.3) 

The matrices (T°-)ai3 and (F")"^ span a Weyl-algebra, (T(a)af3(Xb))'^'^ = Vab^a, and satisfy 
the hermiticity condition 

OV^O = T". (A.4) 
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Notice, however, that the relations (|A.2|) -( Al4 ) need never used exphcitly. 



The duahty relations for the anti-symmetrized F-matrices is 

{i- ai...ak)af3 — { J-J _ , tai ...ag J- a/3 {■^■'~>) 

where no "77" appears since our F-matrices are 4x4 Weyl matrices, and the cyclic identity 
reads 

{T'')ait3{Ta)^)S = 0. (A.6) 

Another fundamental identity is 

{ra)a,irr' = -^Sf^y (A.7) 
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